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Introduction 


Given a group tt, Turaev in [6] introduced the notion of a braided 7r-monoidal category 
which is called Turaev braided group category in this paper, and showed that such a 
category gives rise to a 3-dimensional homotopy quantum field theory. Meanwhile such 
a category plays a key role in the construction of Hennings-type invariants of flat group- 
bundles over complements of link in the 3-sphere, see [8]. 

For the above reasons, it becomes very important to construct Turaev braided group 
category. Based on the work of [3], more results have been obtained in [2] and [9], where 
the method used in [3] was applied to weak Hopf algebras and regular multiplier Hopf 
algebras. It is well-known that there is anther approach to the construction, for instance, 
in [1] the authors introduced the notion of quasi-Hopf group coalgebras and proved that 
the representation category of quasitriangular quasi-Hopf group coalgebras is exactly a 
Turaev braided group category. 
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M. Zunino in m constructed the Yetter-Drinfeld category of crossed Hopf group 
coalgebra and showed that it is a Turaev braided group category. Motivated by this 
construction, in this paper, we will generalize this result to quasi-Turaev Hopf group 
coalgebra defined in [T]. The notion of Yetter-Drinfeld category of quasi-Turaev Hopf 
group coalgebra will be given, and the isomorphism between Yetter-Drinfeld category and 
the category of the center of representation category of quasi-Turaev Hopf group coalgebra 
will be established. Moreover, both of the categories are Turaev braided group categories. 

This paper is organized as follows; In section 1, we will recall the notions of crossed T- 
category and its center and quasi-Turaev group coalgebra. In section 2, we will construct 
the Yetter-Drinfeld module over the quasi-Turaev group coalgebra and prove that the 
Yetter-Drinfeld category is isomorphic to the center of the representation category. 

Throughout this article, let A; be a fixed field. All the algebras and linear spaces are 
over k] unadorned 0 means 

1 Preliminary 

In this section, we will recall the definitions and notations relevant to Turaev 
braided group categories. 

1.1 Crossed T-category 

A tensor category C = {C, (S', a, I, r) is a category C endowed with a functor ig) '■ C xC 
C (the tensor product), an object Z G C(the tensor unit), and natural isomorphisms 
“ = 0 'U,v,w ■ {UgV)gW Uig{VgW) for all U,V,W G C(the associativity constraint), 
I = lu : Z g U ^ U (the left unit constraint) and r = ru : U g I ^ U (the right unit 
constraint) for all 17 G C such that for all U, V,W,X G C, the associativity pentagon 

au,v,W(s>x ° au^v,w,x = {U g av,w,x) ° a,uy®w,x ° {au,v,w ® AT), 
and the triangle 

{U g W) o {ru gV) = au,x,v, 

are satisfied. A tensor category C is strict when all the constraints are identities. 

Let TT be a group with the unit I. Recall from [T] that a crossed category C (over tt) is 
given by the following data: 

• C is a tensor category. 

• A family of subcategory {Ca}aeTT such that C is a disjonit union of this family and 
that U gV ^ Ca 0 for any a, (3 ^ tt, U ^ Ca and V & Cjs. 

• A group homomorphism : tt —)■ aut{C),f3 ipp, the conjugation, where aut{C) is 
the group of the invertible strict tensor functors from C to itself, such that pp{Ca) = 

for any a, /? G vr. 
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We will use the left index notation in Turaev: Given /3 E vr and an object V G Ca, 
the functor will be denoted by ^(■) or ^(■) and ^ will be denoted by ^(■). Since 
^(•) is a functor, for any object U ^ C and any composition of morphism 5 o / in C, we 
obtain ^idjj = idvu and ^{g o /) = g o ^ f. Since the conjugation ip : tt ^ aut{C) is a 
group homomorphism, for any V^W E C, we have = ^('^(•)) and = ^(^(•)) = 

'^(^(•)) = idc- Since for any V € C, the functor ^(-j is strict, we have ^{f®g) = ^/< 8 > ^g 
for any morphism / and 5 in C, and ^( 1 ) = 1 . 

A Turaev braided TT-category is a crossed T-category C endowed with a braiding, i.e., 
a family of isomorphisms 

c = {cuy : U ^ (g) V}uyeC 

obeying the following conditions: 

• For any morphism / E Homc^iU, U') and g E Homcp{V, V'), we have 

(“5 < 2 ) /) o cuy = cu'y o (/ ® 5 ), 

• For all U,V,W E C, we have 

cuy®w = (^uyuy^^u ° ® cu,w) o o,uvy,w ° (cuy ®W)o (1.1) 

cu<^v,w = au(s,vyuy O {cuyiv ®V) o a~\yyy o {u ® Cyy) o auyw- (1-2) 

• For any U,V G C and a E vr, Pa{cuy) = c^upv- 

1.2 The center of a crossed T-category 

Let C be a crossed T-category. The center of C is the braided crossed T-category Z{C) 
defined as follows: 

1. The objects of Z{C) are the pairs {U,cu-) satisfying the following conditions: 

• [/ is an object of C. 

• cu- is a natural isomorphism from the functor [/ (g) — to the functor ^(—) ® U 
such that for any objects V,W E C, the identity O) is satished. 

2. The morphism in Z{C) from {U,cu,-) to is a morphism f : U ^ V such 

that for any object X G C, 

{^X^f)0CU,X=c'yy0{f^X). (1.3) 

The composition of two morphisms in Z{C) is given by the composition in C. 
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3. Given Z\ = {U,cu,-) and Z 2 = {V,c!y_) in 2(C), the tensor product Zi®Z 2 in 2(C) 
is the couple {U 2 G, (c 2 c')u^v,-)-, where for any object VF € C, (c 2 c')u^v- is 
obtained by 

(C (g) c')u(S,V,W = au<SVyruy O {CjjVyr ® G) O a~\y^y O [U ® Cy ly) O au,V,W ■ (1-4) 

4. The unit of 2(C) is the couple (I, id-), where I is the unit of C. 

5. For any a G vr, the ath component of 2(C), denoted 2 q,(C), is the full subcategory 
of 2(C) whose objects are the pairs {U,cu-), where U £ Ca- 

6. For any ^ £ it, the automorphism is given by, for any {U, cu-) £ Z{C), 

^z.0{U,cu-) = {ipi3{U),(pz.i3{cu-)), (1.5) 

where Lpz.fi{cu-)^p{u),x = ^ny X £C. 

7. The braiding c in 2(C) is obtained by setting cz^,z-^ = cjjy for any Z\ = ([/, cu-), Z 2 = 
(G,c'y,_) €2(C). 

1.3 Quasi-Turaev group coalgebras 

Recall from [T], a family of algebras H = {Ha}a&-K is a quasi-semi-T-coalgebra if there 
exist a family of morphisms of algebra A = {Aq,^^ : Hap Ha 0 Hp\a,i3&-K-, a morphism 
of algebra e : Hi ^ k and a family of invertible elements {^a,p,i S Ha 2 Hp 2 H^}a^i 3 ^^£Tr 
such that 


{Ha 0 7\^^y)Xa^/3'f(h)^a,j3,y — 0 j ( 1 - 6 ) 

(Ha 0 e)(Aa,i(a)) = a, (s 0 Ha)(Ai^a(a)) = a, (1.7) 

(la 0 ^i3^^^\){Ha 0 Aj3^^ 0 Hx){^a,/3-y,\){^a,l3,-f 0 1a) 

= (Ha 0Hfi0 A^,A)(4>a,/3,7A)(A«,^ 0 H^ 0 Hx){^aPn,\), (l'^) 

{Ha0 e 0 Hii){la0ll0lp) = Ia0^l3 (1.9) 

for all h £ Hap-y and a £ Ha- A is called comultiplication, and e the counit. 

In our computations, we will use the Sweedler-Heyneman notation Aa,p{b) = 6(i,a) G 


^( 2 ,/ 3 ) for foi b £ Hap (summation implicitely understood). Since A is only quasi-coassociative, 
we adopt further convention 

(ida 0 ^p,y)Aa^Py{h) ^(l,a) ® ^{2,Py){l,P) 0 h(2,Py)(2,y)-: 

(^OL,P 2 idy)Aap^y(h) hpi ap){l,a) G hpi^ap)(2,p) 0 b-{2,y)i 
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for all h G Hap-y. We will denote the components of ^ by capital letters, and the ones of 
by small letters, namely, 

^>a,/3,7 = ®Y'^ = = ■■■ 

A quasi-Hopf group coalgebra is a quasi-semi-T-coalgebra H = {{Ha}a&-K, en¬ 
dowed with a family of invertible anti-automorphisms of algebra S = {Sq. : 
Ha-^}ae-K {the antipode) and elements {pa,Qa & Ha}ae-K such that the following con¬ 
ditions hold: 

^a{h(^l^ct))Pa~^ h(^2^a~^) ^{h^)PoL~^ t ^( 1 , q ))) ^{h)(la^ ( 1 . 10 ) 

yaQaSa-i{Y^-i)paY^ = la, S’^-l(y^_ig«S’„-l(y^_l) = 1„. (1.11) 

A quasi-Turaev -/r-coalgebra is a quasi-Hopf vr-coalgebra H = {{Ha}ae 7 r, with 

a family of /c-linear maps p = {pp : Ha —> ^^/ 3 o/ 3 -i}o,/ 3 e 7 r(the crossing) such that the 
following conditions hold: 

• For any /3 G vr, is an algebra isomorphism. 

• (pp preserves the comultiplication and the counit, i.e., for any a,f3,'y € tt, 

{P0 'S) = A^a/3-^,i3'yid-^ ° P/3’ 

eop 0 = e. 

• p is multiplicative in the sense that ppp^' = ppp’ for all (3, (3' G tt. 

• The family <h is invariant under the crossing, i.e., for any ^a,/3,'y, 

{Pri Pd P-d)^a,l3,^ ^rjarj~^ ,9l39~^• 


2 Main results 


In this section, we will give the main result of this paper. First of all, we need some 
preparations. For any Hopf group coalgebra H = ({Ff^}, A, e, 5), we obviously have the 
following identity 

h(l,a) ® h(2,l3)Sp-i (/i(3,/3-i)) = h®lp, 

for all a, /3 G TT and h G Ha- We will need the generalization of this formula to the 
quasi-Hopf group coalgebra setting. The following lemma will be given without proof. 
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Lemma 2.1. Let H = ({1/q,}, A, e, S') he a quasi-Hopf group coalgebra. Set 


= 11®!} = yi®y}<l^Sp-i{yl-x), (2.1) 

= Jl®Jl = ® S-p\pp-.Yl.,)Yl ( 2 . 2 ) 

= 11®!} = Y^S-\Yl.,q^-.) ® Yl (2.3) 

= Jl®^ = Sa-^ {yl-i )pc,yl ® y% (2-4) 

Then for all h G Ha and a G Hp, we have 

A«,/3(/i(l,a/3))/^/3[l®S^-i(/l(2,/3-i))] =!a,p[^®A^ (2-5) 

[I S^^{hf2^fi-l))]J^^^^aAhl,ah)) = [!® (2-6) 

A«,/3(a(2,a/3))/«,^[S"^(a(i_„-i)) 0 1]= (8) a], (2.7) 

[‘5a-l(a(l,a-l)) «) l]^a,/3A„,^(a(2,„/3)) = 0 a]. (2.8) 

And the following relations hold: 

!^a,/3iJag)!a,/3{^ct ® Sy-i{j‘^-i)] = Iq, 0 1^, (2.9) 

[1q 0 S^ (l|_i)] = Iq 0 ly, (2.10) 

Aa0(J^^)/^,/3[S-'(jl_i) 0 1^1 = Iq 0 l^, (2.11) 

[‘S'q-i(7q-i) 0 1/3]Jq,/3Aq,/3(7q/ 3) = la ® 1/3- (2.12) 


In [11] , M. Zunino defined the Yetter-Drinfeld module over the crossed group coalgebra, 
and S. Majid in [3] ingeniously constructed the Yetter-Drinfeld module over quasi-Hopf 
algebra. With these help, we have the following definition. 

Definition 2.2. Fix an element a G vr. An a-Yetter-Drinfeld module or YDa-module is 
a couple V = {V,pv = {pv,\}\&-k}, where pv,x : V ^ V ^ Hx, v U(o,o) 0 « 

k-linear morphism such that the following conditions are satisfied: 

1. V is a left Ha-module, 

2. V is counitary in the sense that 

{id ® e) o pY i = id. (2.13) 

3. For all v ^ V, 

ivl ■ ^'( 0 , 0 ))( 0 , 0 ) ® (yl ■ V{0,0)){i,Xi)yli ® yx2'^iiM) ( 2 - 14 ) 

= ^a,Ai,A2 • [(ya ' ^')(0,0) {vl ' ^')(l,AlA2)(l,Ai)yii «> ivl ' ^')(l,AiA2)(2,A2)y!2]' 

4- For all h G Hap and v ^ V, 

h{l,a) ■ "(^(O.O) ® h{2,P)V{l,0) = {h{2,a) ' '<^)(0,0) ® (^(2,o) ''t')(l,/3)T’a-i (^(l,o/3o-i))• (2-15) 
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Remark 2.3. Note that in the above definition, when the quasi-Hopf group coalgebra is 
trivial, i.e., g^a,i3,\ = la ® 1/3 ® 1 a for any a,/3,X G tt, then we have a YDa-module over 
Hopf group coalgebra introduced in m- 

Given two YDo-modules {U, pu) and {V,py), a linear map f : U ^ V is said to be a 
morphism of YD^-module if / is R^-liaear and for any A G vr, 


Pv,\°f = if ® Hx) o pu^x- 


Let YD(R) be the disjoint union of the categories YDa{H) for all a G tt. The category 
YD{H) admits the structure of a braided T-category as follows: 

• The tensor product of a YDc-module {V, pv) and a YD^-module iW, pw) is a YTi^p- 
module {V G W, pv®w): where for any u G Y, tc G IT and A G vr, 

PV(^w{v ®w) = ■ {yl ■ u)(o,o) G t} ■ {Y^yp ■ u;)(o,o) 

(^txiYpyl ■ w)^yx)Yx^p-i{{yl • ^^)(i,/3a/3-i))2/a- (2-16) 

The unit of YD(R) is the pair {k,pk), where for any A G tt, pa(1) = 1 G 1a- Then the 
tensor product of arrows is given by the tensor product of A:-linear maps. 

• For any /3 G tt, the conjugation functor is given as follows. Let {V, pv) be a 
YDo-module and we set ^{V,pv) = (^Y, p/jy), where for any A G tt and ?; G Y, 

P/3y(^) = '^)(0,0)) ® Y/3((^ '^^)(i,/3-iA/3))- (2-17) 

For any morphism f : (V, py) ^ {W, pw) of YD-module and any u G Y, we set f)i^v) = 

• For any YDo-module {V, py) and any YD^-module {W,pw), the braiding c is given 
by 


Cy^w{v®w) = “[J(\,^)2/^5’^-l(j|-iy^-l(/^T^)(l,/3-l)7^-l)'W^]®J(2,a)2/^(-^^^)(0,0)- (2-18) 

Lemma 2.4. For a fixed element a G vr, let (V,cy^-) be any objeet in Za{Rep{H)). For 
any A G vr, define the linear map py^x : Y —>■ Y ® Hx by 

Pv,x{v) = Cy^^^Clx v). (2.19) 

Then the pair V = {V, py = {py,x}\eTr) is a YDa-module. Hence we have a functor 
Fi : Z{Rep{H)) —>■ YD{H) given by Fi{V,cy,-) = (V,py) and Fi{f) = f, where f is a 
morphism in Z{Rep{H)). 


Proof. We just need to verify that (V, py) satisfies the axioms of YD^-modules. 

First of all, for any Ai, A 2 G vr, consider Hx^ and Hx 2 as the modules over themselves. 
By (|l-lll - we have 


-1 


-1 


-1 




= (c 


-1 

V,H^^ 


Hx^) o a 


-1 


i^Hx, 


.-1 
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For all V &V, both of the sides evaluating at “Ia^ “1a2 ® v, we have 
(yl ■ mo))(o,o) ® ivl ■ ^^(o,o))(i,Ai)2/Ai ® 2/A2^(i,A2) 

= 2/a,Ai,A2 • [{yl ■ ^^)( 0 , 0 ) ® (yl ■ ^^)(l,AiA2)(l,Ai)2/ii ® ivl ' ^^)(l,AiA2)(2,A2)yA2]- 

The counitarity of V is obvious. 

Secondly for all u G F and h G H^x, we have on one hand, 

^ ®v) = h - (U(0,0) ® ^^(l,A)) = h(^l,a) ■ ^’(0,0) ® h(^2,\)V{l,\), 

and on the other hand, 

® = CyH^(/l(^„Aa-l) • “1 a ® h^2,a) ' v)) 

~ CyH^(“(V^Q-l(^(l,aAo-0)) ® ^(2,a) ’ ^)) 

= {h{2,a) ■ '^)(0,0) {h(2,a) ‘ '^^)(l,A)¥’o-l (^(l,aAa-l))- 

Since the braiding cv,Hx is i^-linear, we obtain 

h{l,a) ■ ^^(0,0) <Xl h(2,x)V{l,X) = {h{2,a) ' 'f^)(0,0) ® {h(2,a) ' 'l^)(l,A)</^a-l (/i(l,aAa-l))• 

Finally, let / : (V,cv,-) —> iW^cw,-) is a morphism in Za{Rep{H)), then as the case of 
Hopf group coalgebra, / gives rise to a morphism of YDa-module. It is easy to see that 
Fi is a functor. This completes the proof. □ 

Assume that {V,pv) is an object in the category YDa{H). For any A G vr and left 
i^A-module X, give the linear map cv,x '-V ® X ^ “A (g) F by 

cv,x{v®x) = “[J(\ ;^)2/j,5A-l(J^-iy^-l(/^ • u)(i_A-l)^l-l) • a;] O J(2,a)ya • (^a ' ^^)(0,0), 
for all u G F and x £ X. 

Lemma 2.5. The couple (F, cu^_) is an object in Z{Rep{H)). Hence we have a functor 
F 2 :YD{H) Z{Rep{H)) given by F 2 {V,pv) = (F,cy^_) and F 2 {f) = f, where f is a 
morphism in YD{H). The functors Fi and F 2 are inverses. 

Proof. Firstly for any A G vr and left //A-™odule X, we set a morphism cv,x ■ ^X (g) F —>■ 
F® A by 


cv,x{°‘x Zv) = U(o,o) ^'(l,A) • 



Then 

cv,x ° cv,x{v ® x) 

= Cv,xi ^ . (j2 . 

= [J{2,a)yl • i^a ■ (0,0))](0,0)® 

[J{2,a)yl ■ jll • ^)(0,0))](l,A)<^«-l(»/(\,«A«-l)) ^«-l(2/«Aa-0 ' [-^A-l («/^lUa ' ^^)(l,A-l)^l-l) ' 3^] 

— *^(1,0) • \ya • y^a • (0,0)) (0,0) ® 

J(2,X) {yl • (-^g • ^)(0,0))(l,A)?/i >gA-i(<^A-i 2/A-i(-^« ' ^)(l,A-i) -^l-i) ' 3^ 

= ■ iy^il-v)(o,o}^ 

J{2,\)tliyl^l ■ '>^)(i,m,x)ylSx-i{Jl-it^-i{ylil ■ ^^)(i,i)(2,a-i)2/a-i)^a-i) ■ ^ 

= ■ iylil-v)m^ 

j(2,X)txiyall • v)^i^i)(i^x)yxSx-^iyl-Jl-l)Sx-l{Jl-lt~^l{yall • 3^)(1,1)(2,A-1)) ' 3^ 

= • mO) ® '^(VA)^A^(l,l)(l,A)9A5'A-i(f(l,l)(2,A-i))‘S'A-i(JA-i^A-i) ' 

= ■ V ® J{2,X)thxSx-liJl-lt^-i) ■ X 

= V (S) X. 


Hence cv,x ° cv,x = idy^x- Similarly cv,x ° cy^x = idax^v- Therefore cy^x and cy^x are 
inverses. 

Secondly for any h G Hax-, 

h-Cy^xCx^v) = /l(l,a) •-^(0,0) ® ^(2,A)3^(1,A) • 3 : 


(^(2,a) ‘ ^)(0,0) ® (^( 2 , 0 ) ‘ '^'){l,/3)^a ^ (^(1,Q!Ao i)) ‘ ^ 

= C^,x(“(‘^a-l(^(l,aAa-l)) ' 3:) ® /i(2,a) ' 3^) 

= C^,x(^(l,«A«-l) • " 3 : (g) /l(2,„) • V) 

= Cy^xih- {°‘x(g>v)). 


That is, is ffoA-linear, so is cy^x- The naturality of cy^x is straightforward to verify. 

Next suppose that Xi is an ffAi-module and X2 an ffA2-niodule for all Ai, A2 G tt, and 
for any xi G Xi,X2 G X2, 


nv',Xi,X 2 ° i^y,Xi ® ^ 2 ) o n“Xi,v',X 2 ° ^ ® *"V',X 2 ) ° '^°'XiXX 2 ,vi 3:1 (gi X 2 ® n) 

= n • [yl • (Ti • 3;)(0,0)](0,0) ® Tl ■ [yl • (tJ • 3;)(o,o)](i,AO^A7'n\ ' 3^1 
® Tl^yX20"a ■ 33)(1,A2)Ta^2 • ^2 

{yl^a • 3^)(0,0) ® {yl^a ' 33)(l,AiA2)(l,Ai)yiiT),\ ' 3;i ® (y^T^ • 3;)(l,AiA2)(2,A2)yA2^A^2 ' ^2 
= 33 ( 0 , 0 ) ® 33 ( 1 ,AiA 2 )( 1 ,Ai) • 3:1 ® 3 ;(i,AiA 2 )( 2 ,A 2 ) 2 /A 2 ■ 332 
= Cf,Xi®X 2 (“^i® " 3 : 2 ® 3 ;). 
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Let V, W be YDc-modules, f : V ^ W he any morphism of YDc-module. For any 
i/A-niodule X and x £ X, 

cw,x o (/ (8) id){v (g) x) = cw,x{f{v) (g) x) 

= ■ /(t’))(i,A-i)^l-i) • a;] ® Ji2,a)yl ■ ill ■ fiv))io,o) 

= ‘^[J{i,x)yxS\-^iJl-iyl-iifill ■ a^))(i,A-i)^l-i) • a;] ® J(2,a)2/a ' if i^l ' a^))(o,o) 

= '"[Jll,X)yxSx-iiJl-iyl-lifl ■ v)il,X-^)fl-l) ■ x] ® J( 2 ,a)ya • fiifl ■ v)( 0 , 0 )) 

= f)cv,xiv ® x). 

That is, / is a morphism in Z(Rep{H)). Finally by similar arguments in [IT], we know 
that Fi and F 2 are inverses. This completes the proof. □ 

Theorem 2.6. The category YD{H) is isomorphic to the category Z(Rep{H)). This 
isomorphism induces the structure of braided T-category on YD{H). 

Proof. This isomorphism holds via the functors Fi and F 2 . 

Let (y, pv) be a YDo-module and (PF, pw) be a YD^-module. Suppose that {V, cy,-) = 
F 2 iy,Pv) and {W,c!y^_) = F 2 {W, pw) and set 

iV,pv) 0 {W,pw) = Fi{F 2 {V,pv) Z F 2 {W, Pw)) = Fi{V 0 VF, (c 0 c')u®rv-). 

For any v £ V,w £ W, we have 

Pv®w,xiv ®w) = ((c 0 d )v<S)W,Hx)~^ i^"^ ^x ®v®w) 

~ yw,Hx ° 0 ^W,Hx) ° ^VfiHx,W ° iyPHx ® ° ^‘^PHx,V,wi 0 U 0 Ui) 

= ylYl ■ itl ■ v)(0fl) 0 y} ■ iY^tl ■ u;)(0,0) 

®yxiyptl-w)(i,X)yxTp-^iitl-v){ypxp-^))tx 

where 

iy^Hx ® Ztl-vZtyw) 

= itl-v)io,o) 0 ^[pp-^itl ■ v){i,pxp-yx] ^ 4 - 

The part concerning the tensor unit of YD(Ff) is trivial. By similar arguments in |11] . 
we can verify the condition (|2.16I) - (I2.18I) . This completes the proof. □ 
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